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1 Single scatterer

We will be following a similar notation as used in [A T-Matrix Reduced Order|
IModel Software] |2, [1].

Any incident and scattered wave in 2D, centred at the same polar coor-
dinate axis, can be written as

winc _ Z fan(lﬂT)eing, (1)
(e Z an H, (kr)e™. (2)

The T-matrix is an infinite matrix such that

oo
= > Tunu 3)
m=—oo

Such a matrix T exists when scattering is a linear operation (elastic scatter-

ing).
For instance, if p and ¢ are the background density and wavespeed, then
for a circular scatterer with density p;, soundspeed c¢; and radius a;, we have

that

qjJ, (kaj) Jm(kja;
q; H,,(ka; 4

) Jm (K
where ¢; = (pjc;)/(pc) and k; = w/c;.

) = Jm(kay)J, (kja;)
) — H(kaj)J), (kja;)’

T = —0un 2, with Z7" = (4)
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1.1 Single circular capsule

77[]0: i fr?‘]n(kor)einev (5)
Y= " [fadalkar) + a) Hy(kar)] €. (6)

Applying the boundary conditions,

1 oy° 1 oyt
0 __ 1 — e
P? =" and o o o on r=ry, (7)

1 awl 1 a(wb +winc)

1 _ s inc _ I =
UV =YS and PR T e , on r=r. (8)

Solving these boundary conditions (see capsule-boundary-conditions.nb) leads
to

Jn(kar) Y (kai, kay)
(/{;al) H (k’(ll)
[ (k‘gao)(qH (k&l)yn(lﬁ&o, klal) + H (k:al)Y”(k‘lal, klao))

Tnn = [Yn<]€1a1, klao)J;l(koCLg) — qOJn(koag)Y/"(klal, klao)]
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+ qoJn(koao) (qHy (kay) Y. (kyay, kyag) — H, (kay)Y." (kras, krao))] . (9)
where ¢ = pc/(p1c1), qo = poco/(pic1), and

Y™'(z,y) = Hy(2)Jn(y) — Hu(y) (), (10)

Y (x,y) = Hal2)J,(y) — H,,(y) Ju (@), (11)

Vi, y) = Hi (@) () — H(y) () (12)
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capsule-boundary-conditions.nb

2 Multiple scattering

Graf’s addition theorem

H,(kRy)e"®t = Z Hyy o (kRyj)e "™ I (kR;)e™®: | for R; < Ry,

(13)

where (Ryj, ©y;) are the polar coordinates of x; —x,. The above is also valid
if we swap H,, for J,, and swap H,,_,, for J,_,,.
Particle-j scatters a field

Y ATHu(kRj)E™,  for R; > aj, (14)

m=—0oQ

where (R;, ©;) are the polar coordinates of & — x;, where «; is the centre of
particle j.
Let the incident wave, with coordinate system centred at x;, be

o0

7pinc: Z fjmjm(kRj>eim®ja (15)

m=—0Q

then the wave exciting particle-j is

> FPJn(kRj)e™s, (16)
where .
FP =740 > AVH, (kR )%, (17)
L#j p=—00

Using the T-matrix of particle-j we reach A} = Yo T7™E™, which leads to

DTN Y AT Hy (kRO (18)

m=—00 {#j m,p=—00

The above simplifies if we substitute A? = deaj-l, and then multiple across

1 .
by {77} and sum over q to arrive at

SFEY D Hy kRO (19)

{#£j m,p=—00



As a check, if we use (4)), then we arrive at equation (2.11) in [3]. For easy
implementation we need the functions:

Vine —> fj’-” and particle — TJ”m
For efficient implementation we rewrite as a matrix equation. Let

(a)n =0af, (fjn =[], (20)
(Tj)um =T, (¥j0)np = Hpn(kRy;)el® %%, (21)

and note that changing the order of £ and j, makes ©,; = O, + 7. Then

Z(% + (050 — V)®To)ey = £, (22)
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which leads to one massive square matrix:

I —W,T, T —‘I’l(N—l)TN—1 —WiNT'N 83] f
-, T I —Wy3Ts e —WonTN| | 2 !
VN T e e o S Y N I ay T
(23)
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