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1 Single scatterer

We will be following a similar notation as used in A T-Matrix Reduced Order
Model Software [2, 1].

Any incident and scattered wave in 2D, centred at the same polar coor-
dinate axis, can be written as

ψinc =
∞∑

n=−∞

fnJn(kr)einθ, (1)

ψs =
∞∑

n=−∞

anHn(kr)einθ. (2)

The T-matrix is an infinite matrix such that

an =
∞∑

m=−∞

Tnmfm. (3)

Such a matrix T exists when scattering is a linear operation (elastic scatter-
ing).

For instance, if ρ and c are the background density and wavespeed, then
for a circular scatterer with density ρj, soundspeed cj and radius aj, we have
that

Tnm = −δnmZm
j , with Zm

j =
qjJ

′
m(kaj)Jm(kjaj)− Jm(kaj)J

′
m(kjaj)

qjH ′m(kaj)Jm(kjaj)−Hm(kaj)J ′m(kjaj)
, (4)

where qj = (ρjcj)/(ρc) and kj = ω/cj.
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1.1 Single circular capsule

ψ0 =
∞∑

n=−∞

f 0
nJn(k0r)e

inθ, (5)

ψ1 =
∞∑

n=−∞

[
f 1
nJn(k1r) + a1

nHn(k1r)
]

einθ. (6)

Applying the boundary conditions,

ψ0 = ψ1 and
1

ρ0

∂ψ0

∂r
=

1

ρ1

∂ψ1

∂r
, on r = r0, (7)

ψ1 = ψs + ψinc and
1

ρ1

∂ψ1

∂r
=

1

ρ

∂(ψs + ψinc)

∂r
, on r = r1. (8)

Solving these boundary conditions (see capsule-boundary-conditions.nb) leads
to

Tnn = − Jn(ka1)

Hn(ka1)
−Y

n
′ (ka1, ka1)

Hn(ka1)
[Y n(k1a1, k1a0)J ′n(k0a0)− q0Jn(k0a0)Y n

′ (k1a1, k1a0)]

×
[
J ′n(k0a0)(qHn(ka1)Y n

′ (k1a0, k1a1) +H ′n(ka1)Y n(k1a1, k1a0))

+ q0Jn(k0a0)(qHn(ka1)Y n
′′ (k1a1, k1a0)−H ′n(ka1)Y n

′ (k1a1, k1a0))
]−1

. (9)

where q = ρc/(ρ1c1), q0 = ρ0c0/(ρ1c1), and

Y n(x, y) = Hn(x)Jn(y)−Hn(y)Jn(x), (10)

Y n
′ (x, y) = Hn(x)J ′n(y)−H ′n(y)Jn(x), (11)

Y n
′′ (x, y) = H ′n(x)J ′n(y)−H ′n(y)J ′n(x). (12)
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2 Multiple scattering

Graf’s addition theorem

Hn(kR`)e
inΘ` =

∞∑
m=−∞

Hn−m(kR`j)e
i(n−m)Θ`jJm(kRj)e

imΘj , for Rj < R`j,

(13)

where (R`j,Θ`j) are the polar coordinates of xj−x`. The above is also valid
if we swap Hn for Jn, and swap Hn−m for Jn−m.

Particle-j scatters a field

ψj =
∞∑

m=−∞

Amj Hm(kRj)e
imΘj , for Rj > aj, (14)

where (Rj,Θj) are the polar coordinates of x−xj, where xj is the centre of
particle j.

Let the incident wave, with coordinate system centred at xj, be

ψinc =
∞∑

m=−∞

fmj Jm(kRj)e
imΘj , (15)

then the wave exciting particle-j is

ψEj =
∞∑

m=−∞

Fm
j Jm(kRj)e

imΘj , (16)

where

Fm
j = fmj +

∑
` 6=j

∞∑
p=−∞

Ap`Hp−m(kR`j)e
i(p−m)Θ`j . (17)

Using the T-matrix of particle-j we reach Anj =
∑

m T
nm
j Fm

j , which leads to

Aqj =
∞∑

m=−∞

T qmj fmj +
∑
6̀=j

∞∑
m,p=−∞

Ap`T
qm
j Hp−m(kR`j)e

i(p−m)Θ`j . (18)

The above simplifies if we substitute Aqj = T qdj α
d
j , and then multiple across

by {T−1
j }qn and sum over q to arrive at

αnj = fnj +
∑
6̀=j

∞∑
m,p=−∞

Hp−n(kR`j)e
i(p−n)Θ`jT pm` αm` . (19)
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As a check, if we use (4), then we arrive at equation (2.11) in [3]. For easy
implementation we need the functions:

ψinc 7→ fmj and particle 7→ T nmj .

For efficient implementation we rewrite (19) as a matrix equation. Let

(αj)n = αnj , (f j)n = fnj , (20)

(T j)nm = T nmj , (Ψj`)np = Hp−n(kR`j)e
i(p−n)Θ`j , (21)

and note that changing the order of ` and j, makes Θ`j = Θj` + π. Then∑
`

(δj` + (δj` − 1)Ψj`T `)α` = f j, (22)

which leads to one massive square matrix:
I −Ψ12T 2 · · · −Ψ1(N−1)TN−1 −Ψ1NTN

−Ψ21T 1 I −Ψ23T 3 · · · −Ψ2NTN

...
...

−ΨN1T 1 · · · · · · −ΨN(N−1)TN−1 I



α1

α2

...
αN

 =

f 1
...
fN


(23)
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